Animals use color vision for a number of tasks including food localization, object recognition, communication, and mate selection. For these and other specific behaviors involving the use of color cues, models that quantify color discriminability have been developed. These models take as input the photoreceptor spectral sensitivities of the animal and radiance spectra of the surfaces of interest. These spectra are usually acquired using spectroscopic instruments that collect point-by-point data and can easily yield signals contaminated with neighboring colors if not operated carefully. In this paper, I present an equation that relates the optical fiber diameter and numerical aperture to the measurement angle and distance needed to record uncontaminated spectra. I demonstrate its utility by testing the discriminability of two solid colors for the visual systems of a dichromatic ferret and a trichromatic frog in (1) a conspicuous scenario where the colors have little spectral overlap and (2) a perfect camouflage scenario where the spectra are identical. This equation is derived from geometrical optics and is applicable to spectroscopic measurements in all fields.
INTRODUCTION
Color vision is the ability to distinguish surfaces based on their spectral properties [1] . In the field of animal biology, understanding animal color vision helps answer important scientific questions. For example, Maan and Cummings [2] found that for female poison frogs, the male's dorsal color is the only factor determining their choice of a mate. In addition to sexual selection, animals use color vision for behavioral tasks including finding food, recognizing objects, and communicating with members of the same species [3] . In order to accurately capture and interpret how color signals are received, we must have a model of the observer animal's visual system because analyzing color signals from the point of view of humans and making inferences about their appearances to animals often produce erroneous conclusions. For example, Stoddard and Stevens [4] showed that some common cuckoo eggs (which are laid in nests of other species and often hatched and raised by unsuspecting host birds) appeared to have a good color match to the host eggs when viewed by humans but had clear and quantifiable differences when modeled in avian color space. A detailed summary of how color signals can be modeled from the perspective of animals can be found in [5] . In this paper, my focus is not on these models but on the measurement of the color signals.
Color is inherently difficult to measure objectively because it is a sensation defined relative to the human visual system [6] . Visual systems of most other animals are different from that of humans, and analyses from the perspective of other systems must start with unfiltered spectral data encompassing the segment of the electromagnetic spectrum to which the animal is sensitive. Spectral information in a scene can be captured most comprehensively using a hyperspectral imager [7] , which, for each pixel in its sensor, records a densely sampled portion of the electromagnetic spectrum. Despite providing spectral data for every pixel in an image, hyperspectral imagers are not commonly used in studies of animal coloration (or most other research fields). This is because they are still expensive, physically bulky, have low resolution, create large digital files, and are not fast enough for imaging moving objects (i.e., animals in the wild). Although consumer digital cameras are inexpensive, fast, compact, and widely available, they cannot serve as substitutes for hyperspectral imagers because they record spectral information with limited spectral resolution [7] . An intermediate solution is to use spectrometers, which are effectively single-pixel hyperspectral imagers. In the field of animal biology and coloration, spectrometers with optical fibers are frequently used to measure colors from an animal's habitat, nest, eggs, body parts, skin, fur, plumage, etc. Table 1 lists a subset of recent publications in which animal or habitat colors measured using spectrometers were simulated for other visual systems.
Spectrometers collect data in a point-by-point fashion, which means they are not suitable for recording color information from textured surfaces, i.e., those with high-frequency color or pattern elements. Even in the case of surfaces with solid colors and a carefully gridded, sequential data collection setup, the distance of the optical fiber to the sample, its diameter, numerical aperture (NA), and the measurement angle could affect the purity of the color signal recorded. In general, it is known to researchers that measurements should be taken as close as possible to the surface being measured to avoid the contamination of the signal by neighboring colors, and this distance is usually reported in publications (Table 1) . However, how close the optical fiber should be held relative to the size and shape of the feature being measured, and at what angle, is generally not quantified but assumed. It is important to know the optimum measurement distance because recording closely from live animals, especially in the wild, can be challenging [8, 9] , and it may be difficult to position the measuring fiber as close to the sample as it would have been possible in a laboratory setting (Fig. 1) . In such cases, the spectra recorded may not be pure, and to assess data quality and prevent measurement errors, the degree of contamination should be known.
In this work, I develop an equation using geometrical optics that only depends on the diameter and the NA of the optical fiber and analyze the effect of the measurement distance and angle on the discriminability of colors in the eyes of a dichromatic ferret (Mustela putorius furo) and a trichromatic frog (Dendrobates pumilio). This equation is then tested on two cases relevant to animal biology: (1) colors that have little spectral overlap as an example of a conspicuous appearance, and (2) colors that have high spectral overlap as an example of a camouflage pattern.
FIELD OF VIEW OF AN OPTICAL FIBER
An optical fiber is a waveguide that propagates rays through total internal reflection [21] . It is a cylindrically symmetric cable with a core that has high refractive index n core surrounded by cladding with low refractive index, n clad (Fig. 2) . Fibers are characterized by their NA, which is defined relative to the refractive index of the medium of operation (n med ) and the acceptance angle (θ 0 ) as NA n med · sin θ 0 :
(1) Chiao et al. [10] Hyperspectral N/A European cuttlefish Fish Isaac and Gregory [11] 100 μm, 2 mm; 90°Western terrestrial garter snake Ferret human birds Akkaynak et al. [8] 50 and 100 μm; < 3 cm, N/A European cuttlefish Fish human Hanlon et al. [9] 400 μm, 2 mm, N/A Giant Australian cuttlefish Fish Finkbeiner et al. [12] 400 μm, N/A, 45°Passion-vine butterflies Birds Lind et al. [13] 1000 μm, N/A, 45°Blue tit Birds Maan and Cummings [14] 400 μm, 3 mm; 90°Strawberry poison frog Birds, crabs, snakes, frogs Bybee et al. [15] 400 μm, N/A, 45°Heliconius butterfly Birds butterflies Cortesi and Cheney [16] 200 μm, N/A, 45°Marine Opisthobranchs Fish Langmore et al. [17] N/A, N/A, 45°Cuckoo eggshell Birds Baldwin and Johnsen [18] 400 μm, N/A, 45°Blue crab Blue crab Nokelainen et al. [19] N/A, N/A, 45°-90°Wood tiger moth Blue tit Stoddard and Stevens [4] N/A, N/A, 45°Cuckoo eggs Birds Siddiqi et al. The acceptance angle is the largest incidence angle for incoming rays to undergo total internal reflection. The locus of all such rays is the cone of acceptance (shown in light gray in Fig. 2 ). For most animal biology applications, the optical fiber is used in air (n med ≈ 1), or water (n med ≈ 1.33); the difference between fresh and salt water is usually ignored for practical purposes. When the fiber is oriented along the z direction and is held at distance of d from a surface tilted at an angle α relative to the XY plane, the cross section of the acceptance cone on the surface is an ellipse (Fig. 2 ). In the trivial case when α 0, the plane will be parallel to the base of the cone, and the intersection of the cone and the plane will be a circle. In the general case (proof is given in Appendix A), for a fiber with diameter d f and NA, the elliptical cross section is in the form
where x c ; y c 0;
are the coordinates of the center of the ellipse, and
and
are the squares of the semi-major and semi-minor axes, respectively. Here, it can be shown from geometry that t R∕H tansin −1 NA∕n med . The height H S is measured from the apex of the cone to the intersection of the surface and the axis of the optical fiber ( Fig. 2) and is given by
APPLICATION TO ANIMAL COLOR DISCRIMINATION
In this section, the effect of the measurement distance and angle on the quality of the recorded spectral signals is investigated using the visual systems of a dichromatic ferret (Mustela putorius furo) and a trichromatic frog (Dendrobates pumilio). Fibers are assumed to have diameters 100, 400, and 1000 μm with NA 0.22. The operation medium is air (n med 1) and the illuminant is CIE D65, which is a theoretical light spectrum that approximates noon daylight. Solid color patches of dimensions 4.1 cm × 4.1 cm (the actual size of patches on a Macbeth ColorChecker, Xrite, Inc.) on a synthetic test target are used to simulate two test cases relevant to animal coloration: (1) colors expected to yield high contrast (i.e., a conspicuous animal) and (2) colors expected to yield low contrast (i.e., a camouflaged animal).
A. Synthetic Test Stimuli
A synthetic test target was created to show the effect of sampling colors erroneously. The target was designed to have the same arrangement and patch size as a Macbeth ColorChecker, a standard in color calibration. Since Macbeth charts only provide tristimulus values, complete spectra from the METACOW project [22] were substituted for matching colors. The spectra were obtained by averaging the reflectance spectra of a 50 × 50 pixel region from the left half of each METACOW sample. The resulting stimulus was a hyperspectral calibration target with square patches of solid colors, each of which had reflectance spectra in the interval 400-700 nm in 5 nm steps (Fig. 3 ). For case (1), spectra from patches A and B [ Fig. 3(b) ] were chosen to represent a conspicuous animal's pattern. The red and blue patches were expected to contrast highly for any visual system because they have little spectral overlap. To create a camouflaged animal that perfectly matches the colors of its background for case (2), the reflectance spectrum of patch A was copied onto the location of patch B, creating two neighboring patches that were identical. These patches would be expected to have minimal color contrast if the color was sampled without contamination from neighboring colors. Note that in both cases, there was a black border between the color patches (similar to the original Macbeth ColorChecker), which could affect the quality of the recorded signal. 
B. Mathematical Similarity of Two Spectra
It is often useful to assess the similarity (or dissimilarity) of two spectra without referencing a biological visual system [8] . In this paper, the mathematical dissimilarity between the pure and recorded version of a spectrum was used as an objective measure of contamination, which was quantified using the spectral angle mapper (SAM) metric [23] :
Here, spectra are treated as two high-dimensional vectors S A ; S B . The angle between the vectors can be thought of as a measure of alignment; the smaller the angle, the more similar the two spectra are in shape. This metric is insensitive to differences in magnitude.
C. Modeling of Color Discriminability
One of the methods frequently used to assess discriminability of colors in animal vision is the receptor noise model developed by Vorobyev and Osorio [24] . In the absence of perceptual thresholds for the visual systems of most animals, this model predicts color discriminability by assuming that thresholds are set by color opponency mechanisms whose performance is limited by receptor noise. For a visual system with n receptor channels, color is encoded with n − 1 opponent mechanisms; the achromatic signal is disregarded and the relative proportion of each receptor determines the receptor noise. Similar to the CIE LAB-based distance metrics, two color stimuli are indistinguishable if the distance between them is one just noticeable difference (JND) or less. According to this model, color contrast (ΔS) for a dichromat visual system is computed as follows [10] :
and for a trichromat, 
ΔS
where ΔQ i Q i;a − Q i;b is the difference between the quantum catch Q i of a stimuli a and b in the ith photoreceptor type. Quantum catch is found by
where λ min and λ max are the bounds of the light spectrum of interest, Iλ is the spectrum of the incident light, Rλ is the reflectance spectrum of the surface being measured, S i λ is the spectral sensitivity of receptor type i, and k is the von Kries adaptation constant, which is set to unity for this paper. The e i in Eqs. (9) and (10) represents noise in receptor type i and can be approximated using the Weber fraction (w i ) [10] :
where n i is the estimate of the proportion of the ith wavelength sensitive cone (i.e., short, medium, or long), and n lws is the estimate of the proportion of the long wavelength sensitive cones [10] . The visual system parameters for the poison dart frog are taken from [20] (λ max;S;M;L 470; 489, 561 nm n lws 4, n mws 3, n sws 1) and those for the ferret are from [11] (λ max;S;L 430, 558 nm n lws 14, n sws 1). The spectral sensitivities corresponding to the λ max values were calculated as described in [8] .
RESULTS
In this section, the effect of d and α on the spectral content of a signal is investigated by comparing the signal to its uncontaminated reflectance spectrum mathematically (Section 4.A) and perceptually relative to two visual systems (Section 4.B). For simplicity, it is assumed that the spectral measurements for the test stimuli are taken with the tip of the fiber pointing to the center of each patch, and that when measurements for two patches are being compared, they are recorded at the same d and α. This is a simplifying assumption and is unlikely to hold in a real life case (especially when taking measurements from animals in the wild).
A. Mathematical Similarity of Spectra
In Fig. 4(a) , cross sections of the cone of acceptance are shown for two measurement angles that are commonly used in animal coloration measurements, 90°(cross sections are circles) and 45°(cross sections are ellipses), respectively, with the measurement distance varying from 0 to 20 cm. The upper limit of 20 cm was chosen based on the author's experience-in general, measurements taken from distances farther than this are excluded from scientific analyses. In each case, it is assumed that the tip of the fiber is pointed at the center of patch A. Results vary little by fiber size; therefore, they are only shown for the 100 μm fiber in the rest of the paper. In Fig. 4(b) , the similarity of the "contaminated" spectra of patches A and B relative to their "uncontaminated" versions [from Fig. 3(b) ] are shown using SAM [Eq. (7)] for both measurement angles. The simulated patches are squares of 4.1 cm, with a black boundary separating them, and in both the conspicuous and camouflaged cases, the signal remains uncontaminated up to a measurement distance of about 10 cm. Beyond that, the cross-sectional sampling area expands into neighboring patches, and there are two points to note. First, for a given measurement distance, the degree of signal contamination depends on the measurement angle; the 45°measurement has higher SAM values (i.e., more dissimilarity) than the 90°measurement at any given distance. Second, the degree of contamination of spectra is not just a function of d and α but also of the neighboring colors. Patches A and B have different neighboring patches. The reflectance spectrum of patch B is more similar to the spectra of the patches that happen to be immediately adjacent to it than patch A is to its neighbors. This is purely a result of the arrangement of color patches on the synthetic test target and affects the overall SAM scores for the self-similarity of patches A and B.
The same analysis is repeated with the spectra in patch B replaced with a copy of patch A to simulate an example where an animal might be trying to match the colors of its background to fool predators. Originally, patch A had little spectral similarity to patch B. Now, patch A has a neighbor with an identical spectrum, and its overall level of contamination falls compared to that in the conspicuous case. The new patch B (blue), however, has less spectral overlap with its neighbors than did the old patch B (red, case 1), and its overall level of contamination increases. This demonstrates that the measurement distance and angle alone are not enough to predict the level of contamination of a color signal recorded with a certain optical fiber, and that the neighboring colors, which Fig. 4. (a) When the optical fiber (NA 0.22) is held at 90°to the surface being measured, the cross section of the cone of acceptance is a disk. As the measurement distance increases, the radius of the disk also increases. For a measurement at 45°, the cross section is an ellipse. The concentric curves show cross sections at distances 0-20 cm, in ten equal steps. (b) Mathematical similarity of patches A (black lines) and B (gray lines) to their uncontaminated versions. Note that SAM only measures the similarity of the shape of the two spectra disregarding magnitude. Results for different fiber diameters were similar, and so only those for 100 μm are shown here. are often difficult to predict in a biological application, also play a role.
B. Perceptual Similarity of Spectra 1. Case (1): Conspicuous Animal Patches A and B were chosen to represent the pattern of a conspicuous animal because they have little spectral overlap. The receptor noise model would be expected to predict a high color contrast between these patches in the eyes of both the dichromatic ferret and the trichromatic frog. Figure 5(a) shows the cross sections of the cone of acceptance for the measurement of patches A and B at distances d 5, 10, 15 and 20 cm. Beyond d 10 cm, the disks outgrow the square patches, and we expect the spectral content of each patch to become contaminated with spectra from neighboring patches. This in turn affects the color contrast between the patches. This is indeed the case as seen in Fig. 5(b) ; the color contrast (ΔS) values for both animals are well above the JND threshold of 1 (indicated by the dashed horizontal line) until d 10 cm, but the two spectra become increasingly similar (for both the frog and the ferret) after that point. If these measurements were taken at a distance of 15 cm, the data could have led to an incorrect conclusion that the blue and red colors were indistinguishable (JND < 1) to the ferret. Note that the ΔS for the frog never falls below the JND 1 line, meaning that these two patches, despite their spectral contamination, remain distinguishable to the trichromatic animal, which has the advantage of having an extra photoreceptor compared to the dichromate.
Case (2): Camouflaged Animal
For the case of a perfectly camouflaged animal, patches A and B have identical reflectance spectra but they have different neighboring colors [see Figs. 4(b) and 4(c) inset]. As expected, the spectra of patches remain identical when the measurements are uncontaminated, up to d 10 cm, and for both animals the color contrast is zero [ Fig. 5(c) ]. Beyond that point, the contrast between the spectra measure at α 90°r emain lower for a slightly higher d value than it does for α 45°. Note that for this example, the magnitude of the color contrast for both visual systems are comparable, implying that the measurements of patch spectra (even though they are identical) are contaminated enough beyond d 11 cm that the colors become distinguishable (JND > 1) to both the ferret and the frog.
DISCUSSION
In this work, the parameters of the elliptical cross section of the cone of acceptance of an optical fiber were derived [Eqs. (2)-(6)] for a fiber of known diameter and NA held at a distance d and angle α. The effect of varying d and α on spectral signal quality was investigated using SAM, a purely mathematical measure of spectral shape similarity, and the Vorobyev-Osorio receptor noise model [24] , a perceptual measure of color discriminability. Visual systems of a trichromatic frog and a dichromatic ferret were chosen as examples. Animal vision models other than the receptor noise model also take as input full spectral signals (rather than consumer camera photographs that do not represent spectra), so the approach presented here can be extended to any such model. Furthermore, since the equation of the ellipse representing the intersection of the acceptance cone and a surface only depends on the fiber diameter and NA, which are provided by manufacturers, this method is generalizable to applications of spectroscopy in other fields.
It was shown here that signal contamination varied based on the spectral content of the neighboring colors of a patch in addition to the measurement distance, which was more important than the measurement angle for the two angles considered (45°and 90°). The measurement angle simulated here did not appear to have a large effect on the color measurement, but 90°may be preferable if the shape being measured is square. Fiber size, at least in the range of 100-1000 μm, had a negligible effect on the field of view of the fiber. The patches used in this example were squares of 4.1 cm, and for a feature of that size and shape, the maximum measurement distance that produced pure colors was approximately 10 cm. Most features measured in the context of animal coloration are smaller than 4.1 cm; for example, the poison frog is only 1-2 cm in size [20] , and the largest body component of a European cuttlefish of mantle length 20 cm was around 3 cm [8] . Animals often have splotchy patterns with irregular shapes and non-Lambertian skins, and even though it may be possible to know the size of a feature that will be measured, there may be no a priori information regarding its neighboring colors. Equations (2)- (6) presented in this paper could be used as guidelines before spectral measurements from animals or their habitats are made. If that is not possible, they can be used to assess the possible level of signal contamination after the study, provided the measurement angle and distance were documented. Quantifying the degree of contamination is important because even for solid color patches of relatively large dimensions, as used in this paper, it is possible to obtain color contrast values that are misleading enough to conclude that two colors with little spectral overlap would be indistinguishable to a visual system.
APPENDIX A
Proof. In three-space, x 2 y 2 ∕R∕H 2 z 2 defines a right cone with its apex on the origin O0; 0; 0, whose base is a circle with radius R in the XY plane located at a distance H away from the apex along the z direction. A plane that intersects this cone at height H s , at an angle α is defined by z tan α · y H s . These two equations are solved together to find their intersection:
Expanding the terms on the right-hand side and rearranging gives Defining t R∕H and M 1∕t 2 − tan 2 α yields Completing the square, the last equation reduces to
where C H 2 s ∕M1 tan 2 α∕M. From this, we obtain the center of the ellipse as x c ; y c 0; H S tan α∕1∕t 2 − tan α 2 , with semi-major axis a C1 − t 2 tan α 2 p and semi-minor axis b C p . A quick check shows that when α 0x c ; y c 0; 0 and a b C p , making a circle parallel to the base of the cone∴
